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Abstract 

On the basis of a 5-dimensional form of space-time transformations non- 
relativistic quantum mechanics is reformulated in a manifestly covariant man- 
ner. The resulting covariance resembles that of the conventional relativistic 
quantum mechanics. 



1 Introduction 

In contrast with relativistic quantum mechanics (RQM) non-relativistic quantum me- 
chanics (NRQM), in the conventional formulation, lacks manifest covariance with re- 
spect to general, space-time coordinate transformations. The main reason for this is 
that basic quantities such as fields or Schrodinger probability amplitudes are taken 
there not to be vector, but to be projective representations of the 4-dimensional 
Galilei group G4 or of the group of more general transformations. The reason can 
further be traced to the fact that Lagrangians of relevant systems recover invariance 
under those transformations, only when some time-derivative terms are excepted. 

In our previous paper [1] , we have shown, however, that NRQM in inertial systems 
can be formulated in a manifestly covariant manner, provided a 5-dimensional form 
G5 is adopted for Galilei transformations [2]. In the present report we generalize G5 
to those transformations G'^ which connect inertial with non-inertial systems, and 
thereby finds a manifestly covariant formulation of NRQM, being valid for general 
coordinate systems, inertial or non-inertial. The formulation, in fact, runs quite 
parallel with that of RQM. 



Interaction terms can be introduced in a way similar to RQM. In particular, those 
with external electromagnetic or gravitational fields are generated by certain replace- 
ments. The resulting equations for non-inertial cases contain terms corresponding to 
inertial forces, and this enables us to discuss, e.g., the equivalence principle solely 
within the framework of NRQM. 



2 Gt^ and Manifest Covariance 



_2 



The basic ideas of [1] are as follows. The Lagrangian C = {l/2)mx of a free particle 
of mass m is not invariant under G^: x ^ x' — Rx — vt,t' — t with R*^R — I. 
However, L = L — ms remains invariant, provided the new variable s transforms 
under G4 as s — > s' = s + / with f{x, t) = (Rx) ■ x + {l/2)tPt. Thus, instead of G4 
we employ G5, a central extension of G4, such that 



x'^ = X^ 



(1) 



where {x^,x'^,x^) = x, x'^ = ut,x^ = s/u with [u] = [v], or x''^ = A'* ^x'''. Under 
(1) r]^i,x^x^ — x^ — 2ts is invariant, with || r^^^ || = || r)'^^ \\ such that rjij = Sij{i,j = 
1, 2, 3), (?45 = (?54 = —1 and others = 0. Note that rj^^.x^x'^ with x± = {x^ ± x^)/-\/2 
leads to x"^ + x"^ — x^, and rj^^p^^p^ = with p^ = {p, mu, E/u) to E = jp/2m. 

Our basic assumption then is that NRQM for free systems be invariant under G^. 
Thus for a scalar field 0(a;) a Klein-Gordon type equation 

rj^'d^d^cl^ix) = (2) 

with a subsidiary condition 

{ihd5 - mu)(f){x) = (2') 
results, for (f){x) = exp{—ims/h) tp{x,x'^), in 

ih^^^j;(x,t) ^ -^V'^|^(x,t) . (3) 

Notice that (f)'{x') = (f){x) leads immediately to ilj'{x',t') = exp{imf /h)ilj{x,t) with 
ip'{x',t') similarly defined. Likewise, for a spinor field x(a;) we assume a Dirac-type 
equation 

rd,x{^) = (4) 

together with a subsidiary condition of the same form as (2'). Here, the 7-matrices 
satisfying ^''7'^ + ^'^^'^ = 2ri^^ have the 4x 4 irreducible representation. Under G^ 
x{x) transforms as x'(a;') = Tx(x), where T'^ji^T — A'^ j^j". Substituting 

X(x)=exp(-^)f ^^.^4) 1 (5) 



into (4), we find that only the 2-component spinor ipi is independent, and satisfies 
the equation of the same form as (3). The extension of the above arguments to the 
case of Bargmann-Wigner fields of higher spins is straightforward. 

By using vector representations of G5 such as exemplified in the above we can 
construct a manifestly covariant field theory. It should be noted here that when 
a field ijj{x,t) satisfies a linear equation of the Schrodinger type such as (3), the 
probability amphtude (p{x,t) for a particle, resulting from the quantized ip, does also 
satisfy the same equation. Thus, the same covariance arguments apply as well to (p. 



3 General Coordinate Transformations 

Generalizing G4 we consider space-time transformations G'^ such as x' = R{t)x + 
A{t), t' = t, where R and a vector A are taken to be t-dcpcndcnt. The corresponding 
transformation rule of s can again be found by observing how £. transforms under 
G'^. Thus, instead of (1) we now consider G'^ such that 



x'' = R' jX^ + A\ x'^ = x^ 



(6) 



where Aj = R^ iAj. Obviously, the transformation converts, in general, an inertial 
system So (coordinates : x^^) to a non-inertial system S (coordinates : x'^^). 
In S the metric tensor gf''*^ is given by 



u 

^'44^0, ^'^^ = -1, g">'>^-^RiiA'x'i- 



(7) 



and the affine connection F^^ by 



rli 1 f?j if k p/i 1 f?i j? i m'k ^ r>i A j 

4j — k^j , i 44 — j^k X — ^/t jJi •', 

r% = -^RijA ^ T'i^ = -^R,j A ^ x" - ^ Rij A ^ x'\ 

others = 0. 



(8) 



4 Generally Covariant Field Equations 

In order to generalize the field equation in So to those in S we have only to follow the 
procedure employed in going from special to general relativity. 

Thus, for the scalar field (j)\x') in S the equation (2) is changed to g'^^^V^V'^cly'^x') = 
0, where is the covariant derivative. Since, however, g''^'^r'^^ — from (7) and (8), 
the above equation reduces simply to 



g'^^&Mix') = 0. 



(9) 



On the other hand, the subsidiary condition takes the same form as (2') because of 
^ = 85. Defining ip'[x\t') from (j)\x') in the same way as before we find from (9) 
and (7) that 

in^^p'{x\t') = (-|^v'^ + (10) 

n[^^,t = -mRjkA V^' - ihii^ jRk 'x'^d[. (11) 

For the spinor field x'(^')' be regarded as a scalar under (6), the equation (4) 
is generalized to 

i'{x'){&, + V'^{x'))^{x')^Q, (12) 

whereas the form of the subsidiary condition remains unchanged. The 7'-matrices 
and the spin connection T'^[x') are given, in terms of the fiinfbein h'^i^x'), as 

^'x{^') = \ b\l'] 9',A^>'a{^'Wm^')- (13) 

As usual, we have also g'^'''{x') = h^{x')h'^{x')r]"-^ and 7'V + 1""^" = 'ig'^''{x'). 

By construction (12) is invariant not only under (1), but also under local Galilei 
transformations x'{x') — * T{x')x'{x') , where T(x') corresponds to a:'^-dependent A" ^ 
with 7^ 5 . Incidentally, the latter is a kind of non-Abelian gauge transformations, 
and a gauge dependent quantity. 

When exphcitly rewritten in S, (12) takes the following forms. We consider two 
choices of /i^ (or of the gauge). 1) Wc take h^{x') = dx'^ /dx"". In this case V^h'j^{x') = 
0, hence r^(a;') = 0. Then, for the function ilj[{x',t'), defined in a way similar to (5), 
there holds the equation, having the same form as (10) with (11). 2) Taking a t'- 
dependent orthogonal matrix R, we adopt h'J = Rj ^h^, hf = Ri ^hj, and h'^ = h'^ for 
others. In this case, on the right hand side of the equation for ■0i(^'> additional 
term TYgpin appears , such as 

Kpin = \r ' jR'^'eUmOm (M) 

with (Jm's being Pauli matrices. 

For the case of Bargmann-Wigner fields the results are basically the same as 
above. Needless to say, (11) and (14) provide the general expressions for inertial force 
potentials. 

5 Further Remarks 



a) Interactions can be introduced to (2) or (4) by adding Gs-symmctry conserving 
or violating terms. In particular, the usual form of interactions with an external 



electromagnetic field Af^^x) is reproduced by making the G5- and gauge invariant 
replacement: 

d^^D^ = d^- {ie/ch)A^{x), (15) 

— # — * 

where A^(x) = {A,0, ^A) with A and A being vector and scalar potentials, respec- 
tively, and d5A^{x) = is assumed. In this way we find, e.g., the gyromagnetic ratio 
g = 2 for the spin 1/2 case [3] . 

Similarly, the interaction with a given (gravitational) Newton potential ^{x) is 
introduced into (2) or (4) by making a series of rewriting and replacements : rj'^'^ — 

hl^hl--^^{x)- (16) 

and then /i^ = 5^. The potential term thus obtained is m$(5). 

b) In an inertial system So we introduce by (16) the interaction with $(x) = gx {g: 
gravitational acceleration), and move afterwards to the system S by (6) with R{t) = I, 
and A{t) = \at^ (a: constant vector). The resulting equation for il)'{x', t') or ^^[{x' , t') 
then obtains the potential term m{g — a)x'. Thus, in S with a — g the gravitational 
effect completely disappears. The result is basically the same for the case of general 
<l>'s. This implies that NRQM is compatible with Einstein's equivalence principle. 

c) Results from our formalism agree with the non-relativistic, Pauli-, Newton-,- • • 
approximations to the corresponding cases of RQM. In fact, our calculations run 
almost parallel with those of RQM; approximate equations in the latter hold true 
exactly in the former. 

d) Our work shows that the method proposed by Marmo et al. [4] can be extended 
to those cases in which Lagrangians do not remain invariant after transformations. 

e) In our formalism some of the problems which have so far been discussed by invoking 
classical mechanics become discussible within the framework of NRQM. 

f) NRQM is usually regarded as a theory subordinate to RQM, for the former is a 
special case of, and hence obtainable by approximation from, the latter. In view of 
the present results, however, we should say that NRQM is an independent theory, 
being comparable to RQM. 
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